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Outline

e Sampling
 Random Variable Generation
* Rejection Sampling
e Importance Sampling
 Markov Chain Monto Carlo (MCMC)
» Restricted Boltzmann Machine Reuvisit
e Learning algorithms

* Imagination: Represent Word with Random Vectors



Example of Monte Carlo: Estimate o

procedure direct-pi | 0 O
Nhits <— O (initialize) '
for:=1,...,N do

r«— ran(—1,1)

Yy < ran (_1a 1)

if (332 + yz < 1) Nhits < Npits + 1
output Npits

e Fstimate 1 Run Npjte  Estimate of =«
4Nhits 1 3156 3.156
T = 2 3150 3.150
N 3 3127 3.127
4 3171 3.171
5 3148 3.148




Estimating

Draw i.i.d. set of samples {x(V)} ¥
from a target density p(x| - )

| s@plalde~ 53 s(@)

m_ Se _ Jlededy _ [fep(z,y)dady
4 5p ffD dxdy ffp p(x,y)drdy
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Another Way to Estimate o

mj

;'b

mg..\m@';

LAY LT
g‘t 2SS '5:,-:'4‘&
QF&

A SSRORRE 2
B o) “'ﬁ‘g{»mg' '

AQ&:;( 5 S %
‘A’l%"m

: -07;6";/

\45’\!* “‘ 6‘ ﬁ"’o\ .g.,"

..na’ﬂh' '

Y

A
—
i |
20N
T =
ahoits



-

N S

Estimating
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Estimating «
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Monte Carlo: Motivation

e Estimation
* Optimization

e Model Selection



Random Variable Generation

o if U ~ Uy 1], then the random variable F'~ (U) has the distribution F
where F~(u) = inf{x : F(z) > u}

e The theorem above Is theoretical beautiful, but
unpractical in real application

* |tis hard to compute the generalized inverse
function

 High dimensional cases?



Rejection Sampling

Seti=1
Repeat untilz = N
1. Sample (¥ ~q (z) and u ~ Uo,1)-

p(x("))
2. If U < Mq(z(‘))

1. Otherwise, reject.

then accept z(¥) and increment the counter ¢ by

(OO0 e—rt




Importance Sampling

[ @iy ae = [ f<x>]§q<x> da




 Does the 1.1.d. property necessary for estimating an
integral?



Another T Estimation Story
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Stationary Stochastic Process
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 How to make the equation below hold?

L f (X)) = lim / f(X

T ——+o00 T

~ .‘¥.¥ 7 — p. --f.}._ q N\ / ’




Markov Chain Monte Carlo (MCMC):
INntuitions




MCMC: Motivation

Bayesian inference and learning

- p(zly) = ply|z)p(z)
« Normalization / Iy p(yl2")p(2’) da’
« Marginalization p(zly) = / z, 2, |y) dz
e Expectation Ep(aly) Lf /f p(xly) d

Optimization
Statistical mechanics: Compute the partition function

Penalized likelihood model selection



MCMC: Important Theoretical
Results

* |rreducibility 1 05 05 0.5
e Aperiodicity t j t j ( j \ij
0.5 0.5 0.5 1

e Detailed Balance Condition

W@Pfij — Wiji



A

* Acceptance Prob.

MCMC: Applications to Sampling
gorithms: Metropolis-Hastings Alg. (MHA)

Proposal Distribution
1. Initialise z(®).

Q(Z,]) :q(x(j)lgj(z)) 2. Fori=0to N ~1
— Sample u ~ Uy, yj-

— Sample z* ~ g(z*|z(9).

a(i, §) = Az, 2)) - Ifu< A@x®,2*) = mi"{l’ plz(:(:)))qq((:ii)!!:(:)))}
Target Distribution D =t
(i) = p(@) -

2+ = 50

Detalled Balance

m(D)a(i; )ali, §) = 7()g(, ), i) S ali,j) =min{1, -




Special Cases of MHA

* Independent Sampler: Assuming that the proposal
IS Independent of the current state

q(a;(j)‘x(i)) _ q(m(j))

o f paae ) w9
o(hd) =min {1 Bty } = min {1 e

* Metropolis sampler: Assuming that the proposal is

symmetric
q(z (J)‘a;("/) = q(z (Z)’x(y))

I(J)
= min (@)

* Gibbs Sampler: Good property: no rejections

Vo




MHA Running Examples




MHA Running Examples




Simulated Annealing (SA)

« Annealing is the process of heating a solid until thermal
stresses are released. Then, in cooling it very slowly to the
ambient temperature until perfect crystals emerge. The quality
of the results strongly depends on the cooling temperature.
The final state can be interpreted as an energy state (crystaline
potential energy) which is lowest if a perfectly crystal emerged

Pr(x) = 1 exp(—F(x)/kgT)

1, AFE < 0;
exp(—AFE/kgT), AFE > 0.



Simulated Annealing Algorithm

1. Initialize (9 and set Ty, k = 0.

2. Fortr=0to N —1

e Loop until converge
— Sample u ~ Ujg 1.

— (Generate candidate state x* according to current state x (k)
— AE = E(z*) — E(z(®)
— Accept state x* with probability:

1, AFE < 0;

Pr(xz®) — x*) =
r(@™ = @) {mM—AEM@ﬂ% AE > 0.

if u < Pr(x — x*), set ¥t = x* else set kD) = (k)

e Set T;,1 according to cooling schedule.



Simulated Annealing Algorithm

1. Initialise z{?) and set Ty = 1.
2. Forti=0to N -1

—  Sample u ~ Upg 1.

—  Sample z* ~ g(z*|z(¥).

— fuc< A(x(i),x*) — min{l, p,ﬁ':(z')(ﬂz(i)lz')‘}

pTE (29))q(z|2())

plitl) — px

else
2li+1) — »(3)

~ Set T;.1 according to a chosen cooling schedule.




Toy Example: Maximization
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Solve Traveling Salesman Problem with SA

20 cities Initial configuration
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Restricted Boltzmann Machine (RBM)

learning generating

hidden units hidden units

sampling

visible units

..........

___________________

training data samples



Restricted Boltzmann Machine (RBM)

learning with labels classification

hidden units hidden units

sampling

training data image without label
label



Restricted Boltzmann Machine (RBM)

feature mapping

learned features

1

hidden units

activation of
hidden units
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Pretraining Unrolling Fine-tuning



Restricted Boltzmann Machine (RBM)

etc.
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Basics to Learn RBM

* Fitting p(v) to data

p(v) = % ;QXP(—E(’U? h))
* Notations
E(v,h) = —v"Wh—b"v —c"h
= Em: iwijhivj - Enj bjvj — Em: i
_ _17;/1:2 — bt — c;;zl B
= —0" ¢(x)
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Learning RBM:
Maximum Likelihood Estimation

e Given Observed Samples

S = {’Ul,’vg,...,’vg}

» We can get
0log p(v; 0)

7 Z Up(h|v:0)q(v) [hiV5] = Ep(ase) [hivj]

vES

Ow; ;

for
0log p(vo; 0)
00
0log p(vo; 0)

(9wz-j

— Ep(h|v0;9)¢(’v(), h) — Ep(a:;e) [¢(w)]

— Ep(hlvo;é’) [hivj] - IE"p(ﬂc;é’) [hivj]



Contrastive Divergence

0log p(vo; 0)

EY: — <1:p(h|fuo;9)¢(’vO7 h) T 4:]0(:13;9) [¢(m)]
t=0 t=1 t=2 t = infinity
OQOl[oqol[onolK [0@0o
AV W
TJO| [®O
t=0 t=1 t=2 t = infinity
(0). M |
alnga(z ’ H) > Ep(h|fv(0)) [qb('v(())a h)] o % Z Ep(h|v(k‘+’i)) [¢(Iv(k+2)7 h)]
1=1

CDk(H, ’U(O>) —




k-Step Contrastive Divergence Alg.

Algorithm 1: k-step contrastive divergence

Input: RBM (V4,...,V,,,H1,...,H,), training batch S

Output: gradient approximation Aw;;, Ab; and Ac; fori=1,...,n,j=1,...,m
1 init Aw;; = Abj; = Aci=0fori=1,...,n,5=1,...,m
2 forall the v € S do
3 @ v

4 fort=0,...,k—1do

5 fori=1,...,n do sample h'" ~ p(h; |v®)

6 3

7 for j =1,...,m do sample ’Uj(-H-l) ~ p(v; | h(V)

8 e

9 for:=1,...,n,5=1,...,mdo

10 | Aw;j  Aw;; +p(H; =1 I’U(O))“UJ(-O) —p(H; =1 v(k))-vgk)
11 forj=1,...,mdo

12 | Abj < Ab; +vj(.0) —'vj(.k)

13 fori=1,...,ndo

14 L Aci + Aci +p(H; = 1|v9) —p(H; = 1|v®)




CD-k Running Examples
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Other Algorithms for Training RBM

* Persistent Contrastive Divergence (PCD)
e Fast Persistent Contrastive Divergence (FPCD)
o Stochastic Approximation Procedure (SAP)

» Stochastic Approximation Procedure with
Tempered Transitions (Trans-SAP)

o Parallel Tempering (PT)



Stochastic Approximation Procedure
with Tempered Iransitions

Algorithm 1 Stochastic Approximation Procedure.

1: Given an observation xo. Randomly initialize #* and M sample particles {x**, ....,x*"*}.

2: for t = 1 : T (number of iterations) do
3: for m =1 : M (number of parallel Markov chains) do

4: Sample x* 1™ given x*™ using transition operator Ty (x* 5™ «—x""™).
5: end for
6: Update: 0*"' = 6" + o [d)(xo) - LM ¢(xt+1’m)] :

7. Decrease o
8: end for

Algorithm 2 Tempered Transitions Run.
S

Initialize By < (1 < ... < Bs = 1. Given a current state x"”.
for s =S — 1 : 0 (Forward pass) do
Sample x° given x**! using T (x* «+x
end for
Set X’ = x".
for s =0: 5 — 1 (Backward pass) do
Sample x°** given x° using T (x°+! —%°).
end for
Accept a new state X° with probability: min [1, Hle p*(xs)7s—17Ps p* (is)ﬁs_ﬁ”—‘] :

s+1).

AR




Stochastic Approximation Procedure
with Tempered Iransitions
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Parallel Tempering

e l\o«v\?l gvaer



Parallel Tempering

1) Create a sequence of RBMs (R, Ry, -+ , Rx) such that parameters of R are @, = (Tx W, b, c), where
0<To<Ti <+ <Tg=1.

2) Create an empty set of samples X = {}.
3) Set xg9 = (X0,0,** ,XKk,0) such that every xi ¢ is a uniformly distributed random vector (or use old ones

from the previous epoch).
4) For m =1 to M, repeat
a) Sample X, = (X0,m,*** s Xk,m) from the sequence of RBMs such that x, ,,, is sampled by one-step

Gibbs sampling starting from Xz 1.
b) For j = K to 1, repeat
e Swap X; ., and X;_1 ., according to Pswap(X;,m,X;—1,m) computed using
c) Add xg , to X.
5) X is the set of samples collected by parallel tempering sampling.

) PT] (XTQ )PT2 (xT1 ) )
P XTy, X1, ) = I 1’ ,
- swap( Ty, XT,) ( Pr, (x1,)Pr, (XT1,)



log-likelihood

Parallel Tempering v.s. CD-k:
Running Examples (1/2)
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Parallel Tempering v.s. CD-k:

Positive Samples
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Running Examples (2/2)

Negative Samples
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