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Prologue

Linear classification is easy—my good old friend, logistic regression,
always serves as a baseline method in various applications. Through
a systematic study, however, we can grasp the main idea behind a
range of machine learning techniques. This seminar also precedes
our future discussion on GP classification.

References:

The materials basically follow Chapter 4 in Pattern Recognition and
Machine Learning. Figures are taken (w/ or w/o modification)
without further acknowledgment.

See also A. Webb, et al., Statistical Pattern Recognition.



The Linear Classification Problem

An odd s{ua ke

Wfﬁ

The Road Map
» Discriminant functions
» Probabilistic generative models
» Probabilistic discriminative models

» Bayesian logistic regression



On Non-Linearity
Generalized linearity: non-linear transformation by basis functions
» Feature engineering/selection
Kernels: transforming to a Hilbert space, fully characterized by a
predefined “inner-product” operation
» SVM (a discriminant function)
» Gaussian processes (non-parametric Bayes)
» k-NN (slacked similarity measure, non-parametric discriminant)
Composition of non-linear activation functions
» Neural networks (finite feature learning, equivalent to learning
a sophisticated kernel mapping input data to another Euclidean
space)
My questions
» Can neural networks composite infinite dimensional features
(with kernels)?
» Sparse kernel network?

» Or is it necessary? Or indeed, neural networks ARE
non-parametric!
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The Decision Boundary

Let = (x1,--- ,2,)" be a data sample in R”

Let y € {0, 1} be the label of  (a two-class problem)
A linear classifier always takes the form

1, fwlz+wy>0
y= 0, otherwise

The decision boundary is a hyperplane in R*~!
wlx + wo =10

y>0 T2

I



Multiclass problem

Let K be the number of classes
» one-versus-the-rest (K — 1 classifiers)
> one-versus-one + voting (K (K — 1)/2 classifiers)

» Scoring

yr(x) = wi @ + wio




Linear Regression as Classiciation
Let the target value be 1-of-K coded. (K: # of classes)
The scoring function is
yp(x) = wiz + wig

The least square objective function

m K 9
=% (yk(wu)) _ t(z))

i=1 k=1
The problem of being “too correct” —the target value is too far
away from a Gaussian distribution.
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Perception Learning Algorithm
Non-linear hard squashing function

1, if wla +wy >0
y= —1, otherwise

Perception learning algorithm
For each misclassified sample z(%):

For its convergence theorem, please refer to Neural Networks and
Machine Learning.

Pros and Cons
+ Cares about mis-classified samples only
— Does not work with linearly inseparable data
— Does not generalize to multi-class problems

+ Introduces non-linear activation function



Fisher's Linear Discriminant

~a ',' 7 .
e
]
II". .

-2 2 6 -2 2 6

Heuristics:
» Attempt #1: Maximize the class separation
> Attempt #2 (the Fisher criterion):
Maximize the ratio of the between-class variance to the
within-class variance (after projecting to a one-dimensional
space, perpendicular to the decision boundary)



Formalization of Fisher's Linear Discriminant

Between-class variance

1 1
— (@) = (@)
my = x Moy = x
PN TN, Z
1€Cy 1€Co
Within-class variance
) 2
si = <y(z) - mk)
1€Cy
where
Yn = ,men
The cost function
w’ (my — my)



Solution to Fisher's Linear Discriminant

J(w) = T(mg —my) wT Spw
W= s? + s2 - wT'S,w

where
Sp = (ma —mq)(ma — ’ml)T

SW = Z(:BZ — ml)(zcz — ml)T + Z(JZZ — mQ)(CCZ — mg)T

1€Cy 1€Ca

Differentiating the cost function and setting it to 0, we obtain
(wSpw)Syw = (w! Syw)Spw

Thus
w o Sy (ma — my)

See Pattern Recognition and Machine Learning for multi-class
scenarios.
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A Probabilistic Model

A data (x,y) is generated according to the following story

Step 1: Choose a box Cg, i.e., t = k, with probability p(Cy)
Step 2: Draw a ticket & from box k with probability p(z|C)

The Bayesian network

(t) — ()
Posterior probability
B p(x|C1)p(C1)
PG = Sen(Cr) + pXICp(Ca)
S )
1+ exp(—a)

where

px|C)p(C1) _ P(Cilx)
p(x[C2)p(C2) p(C2[x)

a=In



Multi-class Scenarios

Softmax

~ p(x|Ck)p(Cy)
PICHE) = S xIC)p(C)

Predicting the class label

t = argmax p(C|x)
k



Generative Models v.s. Discriminative Models

Training objectives
max(gmizep(a:, t;0)

maxi@mize p(z|t; ©)p(t; O)

V.S.
maxgnize p(t|x; ©)



Gaussian Inputs

Assumption
x :;ex —laz— Tyt -
plaic) = e {5 - ) "B e )

Consider a binary classification problem
p(Ci)z) = o(wl e + wp)
where

w =" (1 — p2)
p(C1)
p(C2)

Parameter estimation: Maximum likelihood estimation

1 e 1 pe
wo = =5 B+ Gpp B e £ In

See also Ch 2.3, 2.4 in Statistical Pattern Recognition.



Gaussian Classifiers

Shared covariance matrix 3 = Linear decision boundary

Different X}, = Quadratic decision boundary

Warning: Don't use Gaussian Classifiers



Discrete Features

Consider binary features © = (z1,--- ,x,)", where 2; € {0,1}.
p(x|Ck) has 2" — 1 independent free parameters

Naive Bayes assumption: x; independent

p(CC’Ck) = H 1’1‘619 HMIZ 1 _ /’Lk’L 1 x;

i=1

Posterior class distributions

p(Cklx) = o(a(z))

= Z{wi In g — (1 — ) In(1 — pus) } + Inp(Ci)

Linear in features x!



Exponential Family

Let class-conditional distributions take the form
p([ ) = h(2)g(Ap) exp {A\fu(z)}
Binary classification
a(z) = (A1 — X2)Tz +Ing(A1) —Ing(A2) + Inp(C1) — Inp(Cs)

Multi-class problem

a(®) = A& +Ing(Ag) + Inp(Cy)

Examples: Normal, exponential, log-normal, gamma, chi-squared,
beta, Dirichlet, Bernoulli, categorical, Poisson, geometric, inverse
Gaussian, von Mises, and von Mises-Fisher. Provided some
parameters are fixed, Pareto, binomial, multinomial, and negative
binomial are also in the exponential family.
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Logistic Regression

Under rather general assumptions, the posterior class distribution
takes the form

y(x) 2 p(Cilx) = o(wTsc + wo)

The idea is to optimize directly the above posterior distribution.
= Fewer parameters, better performance.

Consider a binary classification problem with n-dimensional feature
space
> Logistic regression: m parameters
» A Gaussian classifier:
+ Means: 2n

+ Covariance matrices (shared): n(n + 1)/2
+ Class prior: 1



Probit Regression
What if we substitute o with other squashing functions?

Probit function

B(a) = /_ N(0]0,1)d6

05r

» Similar performance compared with logistic regression

» More prone to outliers  (Why? Consider the decay rate k)

» Useful later
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Bayesian Learning
Let y € {0,1}™ denote the labels of training data ¢, - , ¢,

Prior p(w), which is a $64,000,000 question

Likelihood
i ; i A ) , (@)
plue) =TTt ) = T[o(w70%) " (1 o(w"6))
=1 =1
Posterior
plwly) = PRI o pw)pyl) = plo) [To0 ot

Predictive density

P(yaly) = / dw p(y.|w) - p(wly)

x [ dw o (@) plw) [[o()"” (1= o)

. i=1



Intractability

» Posterior is intractable due to the normalizing factor.

» Predictive density is intractable due to the integral.

We have to resort to approximations
» Sampling methods
Stochastic, usually asymptotically correct, hard to scale
» Deterministic methods

“Do things wrongly and hope they work”



Laplace Approximation

» Fit a Gaussian at a mode
» The standard deviation is chosen such that ...
the second-order derivative of the log probability matches
© The first-order derivative is always 0 at a mode
© Scale free in representing the unnormalized measure
® Real variables only
® Only local properties captured, multi-mode distributions?
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Figure 4.14 lllustration of the Laplace approximation applied to the distribution p(2) o« exp(—2z%/2)c(20z + 4)
where o(z) is the logistic sigmoid function defined by o(z) = (1 + e~*)~'. The left plot shows the normalized
distribution p(z) in yellow, together with the Laplace approximation centred on the mode z of p(z) in red. The
right plot shows the negative logarithms of the corresponding curves.



Fitting a Gaussian
Let p(2) = £ f(z) be a true distribution, where Z = [ f(2) dz

Step 1: Find a mode 2 of p(z), by gradient methods, say, satisfying

df(2) _
dz i =0

Step 2: Consider a Taylor expansion of In f(2) at 2

1
In f(2) > In f(z0) — 5 A(z — 20)°
where A is given by

d2

2=20

Taking the exponential,

1) = fa)exp { =5z - o)

Step 3: Normalize to a Gaussian distribution

aaz(;)wlm{—ﬁu—%f}



Laplace Approximation for Multivariate Distributions
To approximate p(z) = % f(z), where z € R™

We expand at mode zg
1
In f(z) ~1In f(z9) — §(z —20) Az — 2))

where A = —-VV1n f(z) , Hessian of In f(z), serving as the
z=z¢

precision matrix in a Gaussian distribution

Taking the exponential, we obtain

)= fen)exp { =32 — 20)" Alx 20

Normalize it as a distribution, and then we have

1/2
= (|21:‘)m/2 exp {—;(z — ZO)TA(Z - ZO)} = N(z|zo, A_l)

q(z)



Bayesian Logistic Regression: A Revisit in Earnest

Prior: Gaussian, which is naturall

p(w) = N (w|my, Sp)

Posterior: p(wlt) < p(w)p(tjw)
Inp(wlt) = — %('w —mg) Sy (w — myg) [prior]
+ Z { In (%) (1 . t@) ln(l . y(i)>} [likelihood]
+ const
Sy = —VVInp(wlt) = S;' + Zy D1 -y D)pnpl

Hence, the Laplace approximation to the posterior is

q(w) = N(w|wwmap, Sx)

Mathematicians always choose priors for the sake of convenience rather than
approaching God.



Predictive Density

MQWMﬂZ/MQmemwmdwﬁ/dewﬂwNw

p(Co| @ t) = 1 — p(Cileps, 1)
Plan
» Change it to a univariate integral

» Substitute sigmoid with a probit function, which is then
convolved with a normal

[otnta= [eonea=a0) =00



The Dirac Delta Fucntion

Let § be the Dirac delta function, loosely thought of a function such
that

» Gaussian distribution peaked at 0 with standard deviation — 0

_J Hoo, ifz=0
> 0(z) = { 0, otherwise

0 function satisfies
[ 8@ o)f@)da = (@)

and specifically
/(5((1 —z)da=1



Deriving the Predictive Density

p(C1|ps) ~ /a(qub*)q(w) dw [Laplace approx.]
(wh¢) = /(5 a—wl¢,)o(a)da [Def. of 4]

pC116.) = [ [ 8la = wT9)o(a) dag(w) dw
~ [ [ o@sta— v ¢)g(w) dwda
é/ )p(a)da

2 [ 60— w"gu)a(w) du

We now argue that p(a) is Gaussian

where



Deriving the Predictive Density (2)

// /5a—w $)a(w) dwy duw -
=[] s

w is such that W' ¢, = a

We can also verify that

/ da—/ §(a — wl ¢,)q(w) dw da

/ d(a — T¢* w) da dw

:/qw dw/éa—w ¢)da




Deriving the Predictive Density (3)

o= Bla) = [ plajada= [ gwyn”e. dw = whires.
02 = varla / {a a]2} da

— [ atw) {(w"6) - (m})*) duw

=¢" Sy

Thus
p(C1]t) ~ /a(a)p(a) da = /U(a)N(ama,og)da

:/éuwNmmmﬁwm:@(QQﬁzﬂm):awwﬁm)

=/7/8, k(o (1+mo?2/8)~1/2, chosen such that the
rescaled problt functlon has the same slope as sigmoid at the origin.



o() o) = ()

Let X ~ N (a,b?) and Y ~ N (c, d?)

Pr{X <Y} :/_ZPr{X §Y|Y:w}¢<w;6> dw

:/“Pr{X<w}¢<w;c> dw

Lo

XY ~N(a—cb*+d*

By noticing that

We have
Pr{X <Y}=Pr{X-Y <0}

—<I>< —a+c )
VRN



Take-Home Messages

Discriminant functions

v

v

Probabilistic generative models (don't use it)

Probabilistic discriminative models

v

v

Bayesian logistic regression

v Sampling methods

iz Deterministic approximations

Laplace approximation (fitting a Gaussian at a mode)
Substitute the sigmoid function with a probit function
Analytical solutions

The decision boundary is the same with equal prior probabilities

vV vy VvVvyy



Thanks for Listening!
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