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Functional

Functional: a mapping that takes a function as the input and
returns a value as output

E.g.

H[p] =

∫
p(x) ln p(x) dx



Calculus
Derivative of a univariate function:

y(x+ ε) = y(x) +
dy

dx
ε+O(ε2)

Derivative of a multivariate function:

y(x1 + ε1 + · · ·xD + εD) = y(x1, · · ·xD) +

D∑
i=1

dy

dxi
εi +O(ε2)

Derivative of a functional

F [y(x) + εη(x)] = F [y(x)] + ε

∫
δF

δy(x)
η(x) dx+O(ε2)

Stationary condition:∫
δF

δy(x)
η(x) dx = 0, ∀η

⇒ Functional derivatives must vanish for all values of x.



Variational Inference

Big idea: find functions with limited forms

I Parametric form ⇒ standard optimization

I Restricted but non-parametric distributions, e.g., factorization



Model

Z = {z1, · · · , zn}

↓

X = {x1, · · · ,xn}



Variational Bound

ln p(X) = L(q) +KL(q||p)

wherex

L(q) =

∫
q(Z) ln

{
p(X,Z)

q(Z)

}
dZ

KL(q||p) = −
∫
q(Z) ln

{
p(Z|X)

q(Z)

}
dZ

I KL(·||·) ≥ 0

I Variational lower bound L(p)

Maximize the lower bound L(q)
⇔ Minimize the KL divergence
⇔ q(Z) = p(Z|X) (usually intractable)



KL(q||p) versus KL(p||q)

KL(q||p) =

∫
q(x) log

q(x)

p(x)
dx

KL(p||q) =

∫
p(x) log

p(x)

q(x)
dx



Discussion:

I KL(q||p) versus KL(p||q)?

I Which one is better?
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Factorized Distribution

Assumption

q(Z) =

M∏
i=1

qi(Zi)

Optimize L(q) w.r.t a group Zj at a time



Lower Bound

L(q) =

∫
q(Z) {ln p(X,Z)− ln q(Z)} dZ

=

∫ ∏
i

qi

{
ln p(X,Z)−

∑
i

ln qi

}
dZ

=

∫
qi


∫

ln p(X,Z)
∏
i 6=j

qi dZi

 dZj

−
∫
qj ln qj dZj + const

∆
=qj ln p̃(X,Zj) dZj −

∫
qj ln qj dZj + const

=−KL(qi||p̃)



Notes

∫ ∏
i

qi ln p(X,Z) dZ

=

∫
· · ·
∫
qi · · · qM ln p(X,Z) dZi · · · dZM

=

∫
qi


∫

ln p(X,Z)
∏
i 6=j

qi dZ1 · · · dZj−1 dZj+1 · · · dZM

dZj



Notes (Cont.)

∫ ∏
i

qi
∑
l

ln ql dZ =
∑
l

∫ ∏
i

qi ln ql dZ

=

∫ ∏
i

qi ln qj dZ + const

=

∫
qj ln qj dZj + const



Notes (Cont.)

ln p̃(X,Zj)
∆
= E[ln p(X,Z)] + const

∆
=

∫
ln p(X,Z)

∏
i 6=j

qi dZi + const

Ei 6=j [·] denotes an expectation w.r.t. the q distributions over all
variables Zi for i 6= j.



maximize L(q) w.r.t all possible forms of qi
⇔ minimize KL(qi||p̃)
⇔ q∗j (Zj) = p̃(X,Zj)

ln q∗j (Zj) = Ei 6=j [ln p(X,Z)] + const

=

∫
ln p(X,Z)

∏
i 6=j

qi dZi + const

q∗j (Zj) =
exp {Ei 6=j [ln p(X,Z)]}∫

exp{Ei 6=j [ln p(X,Z)]} dZj
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Univariate Gaussian

Problem definition
Assume D = {x1, · · · ,xN} i.i.d from a Gaussian

p(D|µ, τ) = (
τ

2π
)N/2 exp

{
−τ

2

N∑
i=1

(xn − µ)2

}
Assume conjugate prior distributions for µ and τ

p(µ|τ) = N
(
µ|µ0, (λ0τ)−1

)
p(τ) = Gam(τ |a0, b0)

=
1

Γ(a0)
ba00 τ

a0−1 exp(−b0τ)

Exact inference: Gaussian-gamma distribution
Variational inference (factorized distribution):

Assume q(µ, τ) = qµ(µ)qτ (τ)



Compute qµ(µ)

ln q∗µ(µ) = Eτ [ln p(D, µ, τ)] + const

= Eτ [ln p(D|µ, τ) + ln p(µ|τ)] + const

= Eτ

[
−τ

2

N∑
n=1

(xn − µ)2 +
λ0τ

2
(µ− µ0)2

]
+ const

= −Eτ [τ ]

2

{
λ0(µ− µ0)2 +

N∑
i=1

(xn − µ)

}
+ const

qµ(µ) = N (µ|µN , λ−1
N ), where

µN =
λ0µ0 +Nx̄

λ0 +N

λN = (λ0 +N)E[τ ]



Compute qτ(τ)

ln q∗τ (τ) =Eµ[ln p(D, µ, τ)] + const

=Eµ[ln p(D|µ, τ) + ln p(µ|τ)] + ln p(τ) + const

=(a0 − 1) ln τ − b0τ +
N

2
ln τ

− τ

2
Eµ

[
N∑
n=1

(xn − µ)2 + λ0(µ− µ0)2

]
+ const

qτ (τ) = Gam(τ |aN , bN ), where

aN =a0 +
N

2

bN =b0 +
1

2
Eµ

[
N∑
n=1

(xn − µ)2 + λ0(µ− µ0)2

]





Thank you for listening!
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