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Functional

Functional: a mapping that takes a function as the input and
returns a value as output

E.g.
Hip| = / p(z) lnp(z) dz



Calculus
Derivative of a univariate function:

Yo+ o) =y(a) + e+ 0@)

Derivative of a multivariate function:

D
d
y(x1+e1 +---xp+ep) =y(ar,---xp) + Z; difi +0(e%)
Derivative of a functional
OF 9
Fly(z) + en(z)] = Fly(z)] + 6/ 6y(x)77($) dz + O(€”)

Stationary condition:

oF
—n(x)de =0, V
5y(x)77( ) U

= Functional derivatives must vanish for all values of x.



Variational Inference

Big idea: find functions with limited forms
» Parametric form = standard optimization

» Restricted but non-parametric distributions, e.g., factorization



Model

Z={z,

X ={z, -



Variational Bound

Inp(X) = L(q) + KL(q|lp)

wherex
L(q) = /Q(Z) In {p(;((é)z) } iz
kil = - [azm{"T2  az
> KL(-[|) >0

» Variational lower bound L(p)

Maximize the lower bound L(q)
< Minimize the KL divergence
< q(Z) =p(Z|X) (usually intractable)



K L(q||p) versus K L(pl|q)
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Discussion:
> K L(q||p) versus K L(pl|q)?
» Which one is better?
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Factorized Distribution

Assumption

M
9(2Z) =] a(2)
=1

Optimize L£(q) w.r.t a group Z; at a time



Lower Bound

£l@) = [ 4(2) (np(X. 2) - lng(2)} 42

:/HQi {IHP(X,Z) - Zlnqz} dZz
i i
/qz‘{/lnp(X,Z)HqidZi}de
i#j
- /Qj Ing; dZ; + const
é(]j lnﬁ(Xazj)de — /qj Ing; dZ; + const

= — KL(qllp)



Notes

/Hq Inp(X,Z)dZ

—/"'/Qi"'QMlnp(X7Z)de‘"'dZM

:/qi {/lnp(X,Z)HqidZy--de1de+1---dZM}de

i#]



Notes (Cont.)

JHeYmadaz= [T[awadz
% l l i
= /qu Ing; dZ + const

= /qj Ing; dZ; + const



Notes (Cont.)

Inp(X, Zj) 2 E[lnp(X, Z)] + const

4 /lnp(X, Z) Hqi dZ; + const
1#]

[E;£;[-] denotes an expectation w.r.t. the g distributions over all
variables Z; for i # j.



maximize £(q) w.r.t all possible forms of ¢;
< minimize K L(g;||p)
< QJ(ZJ) = ﬁ(Xv ZJ)

In q;(ZJ) = Eizj[Inp(X, Z)] + const

= /lnp(X, Z) Hqi dZ; 4 const
1#]

_ exp {Ei[Inp(X, Z)]}
/exp{Ei;éj [Inp(X, Z)|}dZ;
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Univariate Gaussian

Problem definition

Assume D = {x1,--- ,xn} i.i.d from a Gaussian
T T N
p(Dlp,7) = (5N exp {—2 > (an u>2}
i=1

Assume conjugate prior distributions for 1 and 7

p(plT) = N (ulpo, (hor) ™)
p(1) = Gam(7|ag, bp)
1 ap,_apg—
— I‘(ao)bOOT 0 1exp(—boT)
Exact inference: Gaussian-gamma distribution
Variational inference (factorized distribution):

Assume q(p, 7) = qu(p)g-(7)



Compute g, (1)

Ing;, (1) = E-[Inp(D, i, 7)] + const
= E;[Inp(D|p, 7) + Inp(p|7)] + const

N
— T 2 >‘07— 2
=E; _2;@%—,“) +7(M—M0) + const
N
ET[T] 2
= 2 {)\O(M—MO) +2($n—u)}+const
1=
qu(p) = N(#WN,)\;Vl), where
_ Moo + NZ
X+ N

AN = (Ao + N)E[7]



Compute ¢, (7)

Ingi(7) =E,[Inp(D, 1, 7)] 4 const
=E,[Inp(D|p, 7) + Inp(p|7)] + Inp(r) + const

N
=(ap—1)InT —bg7+ —InT

2
. N
- 5 Ep Z(l'n - M)Q + )‘O(IU’ - /1’0)2 + const
n=1

¢-(17) =Gam(r|an,by), where

anN :(IO‘FE

1
by =bg + iEH

N
D (@ — )+ Ao — M0)2]

n=1






Thank you for listening!
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